We are concerned with the long time behavior of branching diffusion processes. We give a partial answer to the following question: given a smooth density g0, a branching rate and a spatial motion, does there exist a (non spatially homogeneous) binary offspring distribution such that the corresponding renormalized branching process tends a.s. to g0(y)dy as time grows to infinity?
Introduction, notations and result
Consider a compact Riemannian manifold M of class C ∞ , and denote by dy the Riemannian measure on M , by ∇ and ∆ the Riemannian gradient and Laplacian operators. Consider the diffusion process {X where u is a C ∞ map from M into R. It is well-known (see Ikeda-Watanabe, [5] , p 235) that strong existence and uniqueness holds for such a diffusion. We will also need its stationary measure ν, whose explicit expression is ν(dy) = exp(−u(y))dy.
(1.2)
We will denote by f, h L 2 (ν) = M f (y)h(y)ν(dy). Then it is well-known that L is symmetric with respect to ν, in the sense that for all f and h in C 2 (M ),
Lf, h L 2 (ν) = Lh, f L 2 (ν) = − 1 2 M ∇f (y).∇h(y)ν(dy).
(1.3)
Consider now a family of probability measures on {0, 2}, {p 0 (y), p 2 (y)} y∈M indexed by the points of M . This family is called the "offspring distributions". We also need a "branching rate" λ > 0, which is simply a strictly positive real number. Then, we consider the branching process {Y (where N = {0, 1, 2, ...}) starting from δ x , associated with the motion L, with the branching rate λ > 0, and with the branching probabilities {p 0 (x), p 2 (x)} x∈M .
We refer to Dynkin, [2] for the rigorous definition of {Y x t } t≥0 (using the notation of Dynkin, we are in the case where ξ t = X t , K(s, t) = λ(t − s) and φ t (x, z) = p 0 (x) + z 2 p 2 (x)). Roughly speaking, Y x t stands for the point measure describing the positions at time t of some particles which follow the dynamic below: (i) Each particle has a random exponential clock with parameter λ, independent of the others. (ii) Each particle moves independently of the others, according to the dynamic of the diffusion process with generator L. (iii) When the exponential clock of one particle (located at y) rings, the particle dies, and the number of offspring is a random variable with law (p 0 (y), p 2 (y)).
(iv) The only interaction between the particles is that birth time and position of offspring coincide with the death time and position of their parent.
We finally will use the extinction event, which we denote by
Our main result is the following. Theorem 1.1 Consider a C ∞ strictly positive probability density function g 0 on M . Denote by g(y) = g 0 (y) exp(u(y)). Assume that λ > C, where C = sup x∈M Lg(x) g(x) . Assume that for some C 0 ∈ (0, 1 − C/λ),
, and the following convergence results hold: (i) there exists a nonnegative random variableZ x , strictly positive on E c x , such that a.s., for all h ∈ C(M ),
(ii) Almost surely, for all h ∈ C(M ),
One easily checks that for all y ∈ M , p 0 (y) + p 2 (y) = 1 and that p 2 (y) ∈ (0, 1). Notice that (ii) is an immediate corollary of (i). Remark also that Theorem 1.1 is quite natural. Indeed, our choice for p 0 and p 2 ensures that Lg +λ(p 2 −p 0 )g = λC 0 g. Intuitively, this means that g is a sort of "stable state" (with an exponentially growing number of particles): for each x in M , the particles which come at x (thanks to the spatial motion) are represented by Lg(x), the appearance (or disappearance) of new particles at x by branching can be found in
, and this leads to the new state λC 0 g(x).
Let us mention some literature on related topics. In the case of discrete-time multi-type Galton-Watson processes, with a finite number of types, Kesten and Stigum [6] proved a result similar to (1.7). However, the result in that paper wich would correspond to the result {Z x = 0} = E c x in our paper was not proved. Still in the context of [6] , Kurtz et al. [7] obtained a result of type (1.8), on the whole non-extinction set. In the case of superprocesses on R d , and in a quite general context, Pinsky [8] obtained a result of type (1.7), when taking expectations. It has been recently improved by Engländer and Turaev [3] , who replaced convergence "in expectation" by a (stronger) convergence in law. Let us notice that these authors do not need a symmetry asumption of type (1.3).
Let us now give two motivations for this problem. First of all, consider the following problem in economics: suppose that the diffusion process {X t } t≥0 corresponds to a "natural" spatial motion (on the sphere for example) of some commercial products. As time tends to infinity, the distribution of each of these products naturally tends to the probability measure ν. Assume that some institution (political, or commercial), wants to modify this distribution, in order that it becomes g 0 = gdν, for some g fixed. To this end, the institution can act by using taxes (very high at some places, and low or inexistent in other places), or something else. Then, the independent spatial motions may be replaced by a branching process {Y t } t≥0 , with values in A. Theorem 1.1 shows how to choose the offspring distributions (i.e. the tax rate as a function of the position), in order to obtain asymptotically the desired distribution.
Consider now the following biological problem. Suppose that the diffusion process {X t } t≥0 corresponds to the dynamics of a "natural hereditary quality" of a population. As time tends to infinity, the distribution of this quality tends to the probability measure ν. Assume now that by selecting the offspring, a biologist wants to transform this asymptotical distribution. Theorem 1.1 shows how to select the offspring (as a function of the quality of the parent) in order to obtain asymptotically a given distribution g 0 = gdν of the qualities.
Let us now comment on our result. First remark that it was not a priori obvious that P [E x ] < 1. Indeed, the choice of p 0 and p 2 yield that M (p 2 (x) − p 0 (x))g 0 (x)dx = C 0 > 0, but it is possible that at some places, p 2 (y) < p 0 (y). The fact that P [E x ] < 1 comes from the fact that where g 0 is large, i.e. where the (expected) asymptotic distribution of our process is large, p 2 is greater than p 0 . A discussion on this point is given in Engländer-Turaev [3] in the case of superprocesses (see Appendix B and Lemma 8, the eigenvalue λ c is given here by λC 0 ). Let us explain our assumptions. Our main requirement is that the branching rate is greater, in some sense, than the speed of the spatial motion. Our condition (λ > C) is probably not necessary, but it seems that if the motion is "much faster" than the branching rate, then one may not obtain any desired density: even if we force particles to be born at the locations where g 0 is large, then they will quickly move away from these points. The next assumption is that g 0 is strongly equivalent to ν, in the sense that g 0 (y)dy = g(y)ν(dy), for some bounded from above and from below density function g (since M is compact). Although this condition is probably too strong, it seems that at least the equivalence of g 0 (y)dy and of ν(dy) is necessary (this is also the case in [3] ). Indeed, if ν(A) = 0 for some subset A ⊂ M , we can not force particles to go in the region A using only branching. On the other hand, if ν(A) > 0 for some subset A ⊂ M we can not hope for the complete disappearence of particles in A, even by setting p 2 (y) = 0 for all y in A. Finally, it would probably be possible to treat the more general case where the offspring distribution charges N (instead of {0, 2}). In such a case and if this distribution admits a second order moment, the conclusion of Theorem 1.1 might hold, replacing (1.6) by n≥0 np n (y) = 1 + C 0 − Lg(y)/λg(y).
To end this introduction, we would like to give the main intuition of our result (1.8). On E c x , it is quite clear that the number of particles Y x t , 1 grows to infinity with t. Applying the Markov property, we may write, for each s, t ≥ 0, for all h ∈ C(M ),
where
are the locations of the particles at t, and where conditioned on F t , {Y X i t s } s≥0 are independent branching processes with initial conditions δ X i t . Hence, expecting that a law of large numbers holds, we might take the limit as t tends to infinity, and obtain that for some measure µ
where the last equality stands for a definition. One can check that ξ µ s satisfies the partial differential equation: for all φ ∈ C 2 (M ),
But p 2 and p 0 have been chosen in such a way that the only stationary solution of this P.D.E. is g 0 (x)dx. Hence, we expect that for any µ, ξ µ s goes, as s tends to infinity, to g 0 (x)dx. Letting s tend to infinity in (1.10) gives us the desired conclusion.
Proof
In this section, we give the proof of our result. The assumptions of the previous section will always be supposed to hold. We will use the notation A for a constant whose value changes from line to line.
We will first obtain some martingale properties of our branching process, which will in particular allow us to control the speed of growth of the size of the population. Then, we will use a well-chosen orthonormal basis of L 2 (ν). We will first prove (1.7) for each element h of this basis, and then extend the result to any continuous function h on M .
We first of all recall the generator of Y x .
Lemma 2.1 The process {Y x t } t≥0 is a Markov process with values in A. We denote by L its generator. For f ∈ C 2 (M ) and µ ∈ A, we set
LG f (µ) = µ, λf
where X xi are independent diffusion processes on M with generator L, starting from x i . Using the explicit expression of p 0 and p 2 , we first obtain (2.2) by setting φ(x) = x, and then (2.3) by setting φ(x) = x 2 .
Then we deduce some martingale properties of our branching process.
is a càdlàg (with an a.s. finite number of jumps on each compact time interval) martingale starting from 0 with (predictable) quadratic variation
The proof of this corollary is immediate: it suffices to apply Itô's formula, (2.2) and (2.3).
We thus obtain some results about the growth of the population as t increases.
Corollary 2.3 (i) There exists a constant
(ii) Hence, for any bounded nonnegative measurable function h on M , there exists a constant A h such that for all t ≥ 0, all
Proof We first prove (i). Using Corollary 2.2 with f = g, it is obvious that In order to build a suitable basis of L 2 (ν), we introduce some operators.
Lemma 2.4
For f ∈ C 2 (M ), and t ≥ 0, we define
Then R t is a semi-group with generator K defined by
Consider also the h-transform of R t defined by
(2.14)
Then Q t is a Markovian semigroup, and the associated generator is given bỹ
The stationary measure of Q t is g 2 ν, and for all h and f in
= h,Kf
Proof We first prove that R t is a semi-group. Let thus f ∈ C 2 (M ), and let
are the locations of the particles at t, and where conditioned on F t , {Y
are independent branching processes with initial conditions δ X i t . We obtain
Next, it is clear from Corollary 2.2 that the generator of R t is given by K. It is immediately deduced that Q t is a semi-group and that (2.15) and (2.16) hold. The fact that Q t is Markov (i.e. Q t 1 = 1) is deduced from Corollary 2.3-(i).
Next we present useful properties of R t .
Lemma 2.5 (i)
There exist some C ∞ functions q(t, x, y) and r(t, x, y) on (0, ∞)× M × M such that for all measurable function f on M ,
(2.18)
(ii) The semi-group (R t ) t≥0 is strongly continuous, this is, for any h ∈ C(M ),
Proof The generatorK of Q t is the generator of a M -valued uniformly elliptic diffusion process, so that it is well-known, see e.g. Fefferman and Sanchez-Calle [4] , p 268, that there exists a C ∞ function q(t, x, y) on (0, ∞) × M × M such that for all measurable function f on M , Q t f (x) = M q(t, x, y)f (y)dy. Hence,
and thus (i) holds with r(t, x, y) = q(t, x, y)g(x)/g(y), which has the same regularity as r since g is C ∞ , bounded from below and from above. It is also standard that (Q t ) t≥0 is strongly continuous, from which point (ii) it is immediately deduced.
We now build a basis of L 2 (ν), of which the elements are eigenfunctions of K.
Lemma 2.6
There exists an nondecreasing sequence {ρ n } n≥0 of nonnegative real numbers and a sequence {ψ n } n≥0 of real-valued functions on M such that: (i) ρ 0 = 0, and ρ n > 0 for all n ≥ 1,
(iii) for all n ≥ 0, Kψ n = −ρ n ψ n and for all t ≥ 0, R t ψ n = e −ρnt ψ n , (iv) for all n, ψ n ∈ C ∞ (M ), (v) for all t > 0, n≥0 e −ρnt < ∞.
Proof Consider the eigenvalues and eigenfunctions ofK:Kφ n = −ρ n φ n , for all n ≥ 0, where ρ n are nonnegative real numbers. (It is clear from (2.16) that the eigenvalues ofK are nonpositive). One easily deduces that for each n ≥ 0, any t > 0, Q t φ n = e −ρnt φ n . Next, notice that for each t > 0 fixed, Q t is a Hilbert-Schmidt operator. Indeed, this is a straightforward consequence of Lemma 2.5, and of Ex 49-b p 1086 of [1] . This implies that its spectrum is discrete, and that (v) holds (since Q t/2 is Hilbert-Schmidt). We number the ρ n in nondecreasing order and note that it follows classically that ρ 0 < ρ 1 . We choose {φ n } an orthonormal basis of
. Finally notice that ρ 0 = 0, and that the associated (renormalized)
Then the sequence ψ n = gφ n satisfies the conclusion of the Lemma. Indeed, points (i) and (ii) are straightforward. Next, it is clear that for each n ≥ 0, Kψ n = gKφ n = −gρ n φ n = −ρ n ψ n . In the same spirit, R t ψ n = gQ t φ n . Hence R 0 ψ n = ψ n , and ∂ t R t ψ n = g∂ t Q t φ n = −ρ n gQ t φ n = −ρ n R t ψ n , and (iii) follows. Point (iv) is an immediate consequence of the previous Lemma: for any t > 0 fixed, ψ n = e ρnt R t ψ n = e ρnt M ψ n (y)r(t, ., y)dy. Since r(t, ., .) is C ∞ on M ×M , the usual Lebesgue Theorem allows to conclude the proof. Finally, point (v) has already been proved.
We now study the asymptotic behaviour of e −λC0t Y x t , ψ n for each n. This will be sufficient, since {ψ n } is a basis of L 2 (M, ν).
Lemma 2.7 (i) There exists a nonnegative random variable
Furthermore, there exists a constant A such that for all x ∈ M ,
(ii) For all n ≥ 1, a.s.,
Proof We begin with (i). We know from Corollaries 2.2 and 2.3 that M
is a martingale starting from 0 and bounded in L 2 , from which (i) is a straightforward consequence. We now prove (ii). We set W n,x t = e −λC0t Y x t , ψ n . Using Corollary 2.2 and the fact that Lψ n − ψ n Lg/g = Kψ n = −ρ n ψ n , we deduce that n,x t goes a.s. to 0 as t increases to infinity. This will be done by using the Borel-Cantelli Lemma: it suffices to check that for any ǫ > 0,
by using Doob's inequality, since O n,x is a martingale. Finally, an easy computation using the quadratic variation of O n,x (which is obtained from that of M x,ψn , which is given in Corollary 2.2), using Corollary 2.3 and Lemma 2.6-(iv) shows that for some constant A n ,
We furthermore deduce that, for some constant A n,ǫ ,
which allows to conclude that (2.26) holds. This ends the proof.
We deduce the non-triviality of the extinction event.
Corollary 2.8 Recall that E x is the extinction event.
(i) Set ǫ = inf y∈M g(y)/2 > 0. Then
Proof We first check (i). Thanks to Lemma 2.7-(i), we know that for all
which allows to conclude the proof. Point (ii) is now obvious, since it is clear from Lemma 2.7-(i) that E x ⊂ {Z x = 0} ⊂ {Z x ≤ ǫ}.
We now extend Lemma 2.7 to continuous functions on M .
Lemma 2.9 Set a := 1/ M g 2 dν . Then for all h ∈ C(M ), a.s.,
32)
Proof We prove this result by using the previous Lemma. We thus consider h ∈ C(M ). We first recall that due to Lemma 2.5-(ii), lim t→0 ||R t h − h|| ∞ = 0. (2.33)
Then we split h and R t h according to the orthonormal basis ψ n :
h, ψ n L 2 (ν) ψ n ; R t h = 
Furthermore, using Lemma 2.5-(i), one easily checks that for any t > 0, there exists a constant A(t) such that for all n ≥ 0, ||ψ n || ∞ = e ρnt ||R t ψ n || ∞ ≤ A(t)e ρnt ||ψ n || L 2 (ν) = A(t)e ρnt (2.36) from which we deduce that for all t > 0, We use the previous estimates: for any s ≥ 0, t > 0, and p ≥ 1, Due to the Borel-Cantelli Lemma, this last quantity equals 0, since conditionnaly
